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NILPOTENT HIGGS BUNDLES AND THE HODGE
METRIC ON THE CALABI-YAU MODULI
QIONGLING LI
Abstract. We study an algebraic inequality for nilpotent matrices and
show some interesting geometric applications: (i) obtaining topological
information for nilpotent polystable Higgs bundles over a compact Rie-
mann surface; (ii) obtaining a sharp upper bound of the holomorphic
sectional curvatures of the period domain and the Hodge metric on the
Calabi-Yau moduli.
1. Introduction
We study an algebraic function on orbits of nilpotent matrices in this pa-
per and show how it gives geometric applications in the following settings by
relating the algebraic function with the curvature formula on homogeneous
spaces.
First, given a compact Riemann surface Σ of genus at least 2, the non-
abelian correspondence, developed by Hitchin [9], Simpson [21], Corlette [3],
and Donaldson [5], says that the space of conjugacy classes of reductive rep-
resentations ρ : π1(Σ) → SL(n,C) is homeomorphic to the moduli space of
polystable SL(n,C)-Higgs bundles over Σ. A Higgs bundle (E,φ) is said to
be nilpotent if φ satisfies φ⊗n = 0. We will obtain topological properties of
corresponding representations for nilpotent polystable SL(n,C)-Higgs bun-
dles over Σ.
Secondly, for a deformation family of polarized Ka¨hler manifolds, by con-
sidering the variation of primitive cohomology groups, it gives rise to a
period map P from the base manifold to the period domain D. By Griffiths
[6], the period map is holomorphic and the image of the tangential map TP
lies in the horizontal distribution T hD of D, which has tangent vector as
a special type of nilpotent matrices. We will give a sharp upper bound of
holomorphic sectional curvatures of T hD. As an application, we show the
holomorphic sectional curvature bound of the Hodge metric, defined by Lu
[14], on the universal Calabi-Yau moduli.
1.1. Riemann surface. For a compact Riemann surface Σ of genus at
least 2, let K denote the canonical bundle of Σ. The uniformization gives
rises to a representation jˆΣ : π1(Σ) → PSL(2,R) which can be lifted to
jΣ : π1(Σ)→ SL(2,R).
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We first stratify the nilpotent cone of the moduli space of Higgs bundles
according to their Jordan types. As in Schiffmann [19] Section 3, for a nilpo-
tent Higgs bundle (E,φ) over Σ, one can define its Jordan type J(E,φ) ∈ Pn,
where Pn is the space of all partitions of n, as follows:
J(E,φ) = (λ1, λ2, · · · , λn) ∈ Pn,
where Fi is a holomorphic subbundle of E generated by ker(φ
i) and rank(Fi)−
rank(Fi+1) = λi+ · · ·+λn, for i = 1, · · · , n. There is a natural partial order
in Pn, thus we can say a nilpotent Higgs bundle is of Jordan type at most
λ.
Given a partition λ ∈ Pn, using the unique irreducible representation
τr : SL(2,C) → SL(r,C), one can define a natural representation τλ :
SL(2,C) → SL(n,C). Let P be the natural projection from SL(n,C) to
PSL(n,C). Given a SL(n,C)-invariant metric on SL(n,C)/SU(n) induced
by (X,Y ) = 2tr(XY ) for X,Y ∈ sl(n,C), the translation length of γ with
respect to a representation ρ : π1(Σ)→ SL(n,C) is defined by
lρ(γ) := inf
x∈SL(n,C)/SU(n)
d(x, ρ(γ)x),
where d(·, ·) is the distance induced by the Riemannian metric.
Theorem 1.1. (Theorem 4.2) Suppose a nilpotent polystable SL(n,C)-Higgs
bundle (E,φ) over Σ is of Jordan type at most λ ∈ Pn. Let ρ : π1(Σ) →
SL(n,C) be its associated representation. Then there exists a positive con-
stant α < 1 such that the translation length spectrum satisfies
lρ ≤ α · lτλ◦jΣ ,
unless P(ρ) = P(τλ ◦ jΣ), in which case,
(E,φ) = ⊕ri=1(Ei, φi), (Ei, φi) = Sym
λi−1(K
1
2 ⊕K−
1
2 ,
(
0 0
1 0
)
)⊗ (Vi, 0),
where λ = (λk11 , · · · , λ
kr
r ) and for each i, Vi is a polystable holomorphic vector
bundle of rank ki satisfying
∏r
i=1 det(Vi)
λi = O.
Note that (n) is maximal in Pn. As a direct corollary of Theorem 1.1,
Corollary 1.2. For any nilpotent polystable SL(n,C)-Higgs bundle over Σ,
the corresponding representation ρ satisifies lρ ≤ α · lτn◦jΣ for some positive
constant α < 1, unless P(ρ) = P(τn ◦ jΣ) .
Remark 1.3. The nilpotent cone consisting of nilpotent Higgs bundles is
the fiber at 0 of the Hitchin fibration from the moduli space of Higgs bundles
to the vector space
n⊕
j=2
H0(Σ,Ki). In [4], Dai and the author generalize
Corollary 1.2 to Higgs bundles in Hitchin fibers which contain n-Fuchsian
Higgs bundles.
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The entropy of a representation ρ : π1(Σ)→ SL(n,C) is defined as
h(ρ) := lim sup
R→∞
log(#{γ ∈ π1(Σ)|lρ(γ) ≤ R})
R
.
An immediate corollary on the entropy of Corollary 1.2 is as follows.
Corollary 1.4. For a nilpotent polystable SL(n,C)-Higgs bundle (E,φ) over
Σ, the entropy of its associated representation ρ satisfies if it is finite, then
h(ρ) ≥
√
6
n(n2−1) .
Equality holds if and only if (E,φ) is the tensor product of Symn−1(K
1
2 ⊕
K−
1
2 ,
(
0 0
1 0
)
) with (L, 0) where L is a holomorphic line bundle satisfying
Ln = O, in which case, P(ρ) = P(τn ◦ jΣ).
Remark 1.5. Hitchin [10] defines a section of the Hitchin fibration whose
image forms a connected component (the Hitchin component) of the SL(n,R)-
Higgs bundle moduli space. The corresponding representations are called
Hitchin representations. Potrie and Sambarino [17] showed for any Hitchin
representation ρ, h(ρ) ≤
√
6
n(n2−1) (with an appropriate normalization) and
the equality holds only if P(ρ) = P(τn◦jΣ) for some Riemann surface Σ. We
can see that the nilpotent cone possesses an opposite behavior of the Hitchin
section.
1.2. Period Domain and Calabi-Yau moduli. For a polarized Ka¨hler
manifold (X,ω), a deformation family of polarized Ka¨hler manifolds Xt over
t ∈ B from (X,ω), by associating to each fiber Xt the Hodge decomposition
of its k-th primitive cohomology, we get the period map P : S → Γ\D,
where Γ is the monodromy group and D = D(H,Q, k, {hp,q}) is the period
domian classifying all Hodge structures of weight k with fixed dimension
hp,q of Hp,q, polarized by Q. It is a homogeneous space G/V endowed with
a canonical G-invariant metric which is unique up to a constant multiple.
The period map is holomorphic and its tangential map has image in the
horizontal distribution T hD, shown by Griffiths [6]. Moreover, Griffiths and
Schmid [7] show that the horizontal distribution T hD always has negative
holomorphic sectional curvature.
Here we give an effective estimate of the holomorphic sectional curvature
of T hD once we fix a choice of metric h on D as in Equation (26). The esti-
mate only depends on the composition (hk,0, hk−1,1, · · · , h0,k) of
∑k
p=0 h
p,q.
Theorem 1.6. (Theorem 5.4) The G-invariant Hermitian metric h on D =
D(H,Q, k, {hp,q}) has holomorphic sectional curvature in the direction ξ ∈
T hD satisfying
K(ξ) ≤ −CRt .
where Rt is the conjugate partition of R = (hk,0, hk−1,1, · · · , h0,k) as defined
in Section 2.3 and the constant CRt is defined in Equation (6).
Moreover, the equality can be achieved in some direction ξ.
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A polarized Calabi-Yaum-manifold is a pair (X,ω) of a compact algebraic
manifold X of dimension m with vanishing first Chern class and a Ka¨hler
form ω ∈ H2(X,Z). The universal deformation space MX of polarized
Calabi-Yau m-manifolds is smooth, shown by Tian [22]. The tangent space
TX′MX of MX at X
′ can be identified with H1(X ′, TX′). Denote n =
dimCH
1(X,TX) = h
1,m−1, where hp,m−p is the dimension of the (p,m −
p)-primitive cohomology group of (X,ω). So hm,0 = h0,m = 1, hm−1,1 =
h1,m−1 = n.
We then have the associated period map P :MX → Γ\D. The pullback
metric P∗h on MX by the period map is called the Hodge metric, first
defined by Lu [14]. There is a close relation between the Weil-Petersson
metric and the Hodge metric for deformation space of Calabi-Yau manifolds
as stated in Proposition 5.5.
An important application of Theorem 1.6 is the following estimate of the
holomorphic sectional curvatures of the Hodge metric on MX .
Theorem 1.7. (see Section 5.2) For a polarized Calabi-Yau m-manifold
(X,ω), let n be the dimension of the universal deformation spaceMX . Then
the Hodge metric over MX has its holomorphic sectional curvature bounded
from above by a negative constant
cm = −CRt ,
where Rt is the conjugate partition of R = (hm,0, hm−1,1, · · · , h0,m) as de-
fined in Section 2.3 and the constant CRt is defined in Equation (6).
In particular,
(1) c3 = −
2
n+9 .
(2) c4 = −
1
2(min{a,n}+4) for a = h
2,2.
(3) c5 = −
2
(9min{a,n}+a+25) for a = h
3,2.
Remark 1.8. (1) By the Schwarz-Yau lemma, an optimal bound of holo-
morphic sectional curvatures will give estimates of the Weil-Petersson met-
ric on a complete algebraic curve inside the moduli spaceMX , e.g. Theorem
6.1 in Lu [14]. As additional applications, such estimates can give refined
Arakelov-type inequalities, e.g. Theorem 0.6 in Liu-Xia [12].
(2) For m = 3, Lu in [14] gave the upper bound − 1
(
√
n+1)2+1
. Here we im-
prove to the upper bound − 2n+9 and show that it is the optimal upper bound
in the algebraic sense.
(3) For m = 4, Lu-Sun [15] in Theorem 1.2 showed the upper bound is
− 12(n+4) . Here we obtain a refined upper bound by replacing n by min{a, n}
where a = h2,2.
(4) For m = 5 and higher, our estimates are new.
Organization of the paper. In Section 2, we prove some algebraic in-
equalities for nilpotent matrices and matrices of type R ∈ Cn. Then we
apply the algebraic inequalities to nilpotent Higgs bundles over complex
manifolds in Section 3. In Section 4, we obtain topological information for
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nilpotent Higgs bundles over Riemann surfaces. In Section 5, we discuss
how the algebraic estimate for matrices of type R ∈ Cn applies to the study
of curvature estimates of the period domain and the deformation space of
Calabi-Yau manifolds.
Acknowledgement. This paper is inspired by the paper of Xu Wang [23].
The author wants to thank Nicolas Tholozan for inspiring and helpful discus-
sions and Richard Wentworth for referring to her the study on the classifying
space of Hodge structures. The author acknowledges support from Nankai
Zhide Foundation.
2. Algebraic Inequalities
We first review some basic knowledge on the relation between partitions
and nilpotent orbits, one can refer to Section 3.1 in the book of Collingwood
and McGovern [2]. A partition of n is a weakly decreasing array (λi) of
integers λ1 ≥ λ2 ≥ · · · ≥ λn satisfying λi ≥ 0,
n∑
p=1
λp = n. Sometimes we
omit the zeros to represent λ. Denote by Pn the space of all partitions
of n. We sometimes use exponential notation for partitions. For example,
(4, 32, 2, 12) = (4, 3, 3, 2, 1, 1).
Let λ ∈ Pn and µ ∈ Pm, then define λ ∪ µ to be the partition of m + n
whose parts are those of λ and µ, arranged in non-increasing order.
The space Pn has a natural partial ordering, called the dominance order-
ing. If λ, µ are two distinct partitions, the partition λ is said to dominate
µ (λ ≥ µ) if for all p ≤ n,
p∑
i=1
λi ≥
p∑
i=1
µi. For example, in case n = 4,
(4) > (3, 1) > (2, 2) > (2, 1, 1) > (1, 1, 1, 1).
Lemma 2.1. Given λ1, µ1 ∈ Pn and λ2, µ2 ∈ Pm satisfying λ1 ≤ λ2 and
µ1 ≤ µ2, then as elements of Pn+m, λ1 ∪ λ2 ≤ µ1 ∪ µ2.
Given a positive integer i, an elementary Jordan block of type i is an
i× i-matrix as follows:
Ji =


0 0 0 · · · 0 0
r1 0 0 · · · 0 0
0 r2 0 · · · 0 0
...
...
...
. . .
...
...
0 0 0 · · · 0 0
0 0 0 · · · ri−1 0


,
where rp =
√
p(i− p). Given a partition λ ∈ P(n), let k be the largest index
such that λk > 0 and define X
λ = diag(Jλ1 , · · · , Jλk). The matrix X
λ is
clearly a nilpotent element of sl(n,C). Note that {Xλ, (Xλ)∗, [Xλ, (Xλ)∗]}
forms a sl(2,C)-triple.
Define the nilpotent orbit Oλ = SL(n,C) · Xλ. There is a one-to-one
correspondence between the set of nilpotent orbits in sl(n,C) and the set
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P(n) of partitions of n. The correspondence sends a nilpotent matrix X to
the partition determined by the block sizes in its Jordan normal form.
2.1. Nilpotent orbits and the moment map. Recall the Cartan decom-
position of sl(n,C) is sl(n,C) = su(n) ⊕ i · su(n) and the Cartan involu-
tion is σ(X) = −X∗, where X∗ = XT . Using the rescaled Killing form
B(X,Y ) = tr(XY ) on sl(n,R) and the Cartan involution, we then have an
SU(n)-invariant Hermitian inner product on sl(n,C) by
(1) (X,Y ) = −B(X,σ(Y )) = tr(XY ∗), for X,Y ∈ sl(n,C).
As usual, ||X||2 denotes (X,X). Ness in [18] defined a map m : sl(n,C)→
i · su(n) implicitly by the equation
(2) (m(ξ), η) =
1
2||ξ||2
(
d
dt
||Ad(exp(tη)ξ||2)|t=0 for ξ, η ∈ sl(n,C),
which measures the change of the square norm of a vector under the adjoint
action. The explicit formula of m is
(3) m(A) =
[A,A∗]
||A||2
.
The map m is invariant under scaling by C∗ and hence descends to a map
from P(sl(n,C)), still denote by m. The SU(n)-invariant Hermitian metric
on sl(n,C) induces the natural Fubini-Study metric on the quotient space
P(sl(n,C)) whose (1, 1)-form gives a symplectic structure. Clearly the in-
duced action of SU(n) on P(sl(n,C)) preserves the symplectic structure.
Observe that m(A) is SU(n)-equivariant. Moreover, Ness in [18] showed
that i · m : sl(n,C) → su(n) is a moment map for the induced action of
SU(n) on P(sl(n,C)).
We consider the function K : sl(n,C)→ R given by
(4) K(A) = ||m(A)||2 =
||[A,A∗]||2
||A||4
,
the square norm of m.
Denote byN the space of nilpotent matrices inside sl(n,C) and by OA the
adjoint orbit of A ∈ sl(n,C). We will make use of the following important
lemma.
Lemma 2.2. (Theorem 6.1 and 6.2 in Ness [18] and Lemma 2.11 in Schmid-
Vilonen [20]) A point A ∈ OA is a critical point of the function A 7−→ K(A)
if and only if there exists a real number a, a < 0, such that
(5) [[A,A∗], A] = aA, and [[A,A∗], A∗] = −aA∗.
The set of critical points is non-empty and consists of a single SU(n)×C∗-
orbit. Moreover, the function K on OA assumes its minimum value exactly
on the critical set.
Remark 2.3. Dai and the author in [4] prove a generalized theorem of
Lemma 2.2 and give an independent proof of Lemma 2.2 as a byproduct.
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For each λ = (λ1, · · · , λn) ∈ Pn, we associate a constant
(6) Cλ := K(X
λ) =
4
n∑
p=1
λp∑
s=1
(λp + 1− 2s)2
=
12
k∑
p=1
λp(λ2p − 1)
.
For a nilpotent matrix A ∈ sl(n,C) and µ ∈ Pn, we say it is of Jordan
type µ if the block sizes of A’s Jordan normal form give the partition µ
of n; we say it is of Jordan type at most µ if the block sizes of A’s Jordan
normal form give the partition λ where λ ≤ µ.
Proposition 2.4. Suppose A ∈ N is of Jordan type at most λ ∈ Pn, then
K(A) ≥ Cλ,
and equality holds if and only A is SU(n)-conjugate to c · Xλ, for some
constant c ∈ C∗.
Proof. Apply Lemma 2.2 to our case that A is nilpotent of Jordan type
µ ∈ Pn for some µ ≤ λ. Since X
λ satisfies Equation (5), we obtain that all
the minimum points are SU(n)-conjugate to c ·Xµ for some constant c ∈ C∗
and hence K(A) ≥ K(Xµ) = Cµ. From the monotonicity in Lemma 2.7, we
have Cµ ≥ Cλ and hence K(A) ≥ Cλ. The rigidity also follows easily. 
Note that among Pn, λ = (n) is the absolute maximum. Therefore, we
have an immediate corollary of Proposition 2.4.
Proposition 2.5. For every A ∈ N , we have
K(A) ≥ C(n) =
12
n(n2 − 1)
,
and equality holds if and only if A is SU(n)-conjugate to c · Jn, for some
constant c ∈ C∗.
2.2. Young diagram and the conjugate partition. One can see the
reference on Page 65 in [2]. Given a partition λ ∈ P(n), define a new par-
tition λt = (λt1, · · · , λ
t
n) ∈ P where λ
t
j = |{i|λi ≥ j}|, called the conjugate
partition of λ.
For a nilpotent matrix A ∈ sl(n,C) satisfying Am = 0 but Am−1 6= 0, we
have a filtration
(7) 0 = ker(A0) ⊂ ker(A) ⊂ ker(A2) ⊂ · · · ⊂ ker(Am) = V = Cn,
and the kp = dimker(A
p) − dimker(Ap−1)(p > 0) satisfies
n∑
k=1
kp = n and
kp ≥ kp+1. Then the array (k1, k2, · · · , km) forms a partition of n, called the
kernel partition of A.
Lemma 2.6. (i) The conjugate partition of the kernel partition of a nilpo-
tent element A ∈ sl(n,C) is the Jordan type of A.
(ii) If λ, µ are two partitions of n, then λ ≥ µ if and only if µt ≥ λt.
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The Young diagram helps us see the conjugate partition more explicitly.
For λ ∈ P(n), let k be the largest index such that λk > 0 and form k rows
of empty boxes such that the ith row has λi boxes. Such array is called
the Young diagram of λ. Then we can form a new Young diagram whose
rows are the columns of the old ones from left to right, which is the Young
diagram of λt. For example, for the partition λ = (6, 4, 2, 1) of 13, we show
in the following picture how to obtain the transpose partition λt.
Partition λ: (6, 4, 2, 1)
Young Diagram:
Conjugate Partition λt: (4, 3, 2, 2, 1, 1)
2.3. Compositions, conjugate partitions and an analogue of Young
diagram. A composition of n is an array (ri) of positive integers r1, · · · , rm
satisfying
m∑
i=1
ri = n. Note that ri’s are not necessarily in non-increasing or-
der and compositions are generalizations of partitions. Denote by Cn the
space of compositions of n. For a composition R ∈ Cn, we can also de-
fine a “conjugate partition” of R. Define the set Ti := {j|rj ≥ i} and
let Si be the set of lengths of consequent integers inside Ti. For example,
if Ti = {2, 3, 4, 5, 7}, then there are two sequence of consequent integers
{2, 3, 4, 5} and {7} and hence Si = {4, 1}, which forms a partition of Ti.
The collection of the sets Si are called the conjugate set partition of R.
The disjoint union of partitions λ1, · · · , λt form a partition of n and we call
it the conjugate partition of R and denote it byRt. For technical reasons,
we extend the definition of conjugate partitions to the compositions which
allow to add zeros before and after a composition.
When R is in fact a partition, we can see that its conjugate partition
coincides with its conjugate partition. So the conjugate partition is a gen-
eralization from partitions to compositions. For R ∈ Cn, the conjugate
partition of Rt is R if and only if R ∈ Pn.
A composition R = (r1, · · · , rm) ∈ Cn induces a partition λR ∈ Pn by
reordering ri1 ≥ ri2 ≥ · · · ≥ rim .
We can extend the dominance order of Pn to the space Cn. For R1 =
(r1, · · · , rm) and R2 = (s1, · · · , sl). Then we say R1 dominates R2 (R1 ≥
R2), if for each p,
p∑
i=1
ri ≥
p∑
i=1
si.
For each R = (r1, · · · , rm) ∈ Cn, we can associate a constant
(8) DR :=
4
m∑
p=1
p(p− 1)rp
.
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We can restrict to define Dλ for λ ∈ Pn.
Lemma 2.7. (i) For a partition λ ∈ Pn, we have Cλ = Dλt.
(ii)(a) For two compositions R1,R2 ∈ Cn, if R1 < R2, we have the constant
DR1 < DR2 .
(b) For two partitions λ, µ ∈ Pn, if λ > µ, then the constant Cλ < Cµ.
(iii) For a composition R ∈ Pn with λR its induced partition, then their
conjugate partitions satisfy Rt ≤ (λR)t and CRt ≥ C(λR)t = DλR.
(iv) For any permutation of ri’s in R which is still a composition of n,
denoted as R1, then DR1 ≤ CRt .
Proof. Part (i) is by direct calculation. Suppose λ = (λ1, · · · , λk) and λ
t =
(µ1, · · · , µl). Denote dp = p(p
2 − 1) and then Cλ =
12
k∑
p=1
λp(λ2p−1)
= 12
k∑
p=1
dλp
.
By the duality of λ and λt, we have that inside λ, i appears exactly µi−µi+1
times. (Assume µl+1 = 0). Recall the formula (6) of Cλ, we can rewrite
Cλ =
12
l∑
q=1
(µq − µq+1) ·Bq
=
12
l∑
q=1
µq · (dq − dq−1)
=
4
l∑
q=1
µp · q(q − 1)
= Dλt .
For Part (ii), denote Ap =
p∑
i=1
ri and hence rp = Ap −Ap−1. Then
4
DR
=
m∑
i=1
rp · p(p− 1) =
m∑
i=1
(Ap −Ap−1) · p(p− 1)
=
m−1∑
i=1
Ap(p(p− 1)− (p+ 1)p) +Amm(m− 1)
= −2
m∑
i=1
Ap · p+ nm(m− 1).
Then we can see that 4DR is decreasing with respect to each Ap. Therefore,
we obtain Part (ii)(a).
For Part (ii)(b), given two partitions λ, µ ∈ Pn satisfying λ > µ, it follows
immediately from Part (ii) of Lemma 2.6 that λt < µt. So by Part (ii)(a),
we have Dλt < Dµt . Then by Part (i), we obtain Cλ < Cµ. Conversely, it is
also true.
For Part (iii), in the definition of Rt, it is the disjoint union of partitions
λ1, · · · , λt where each λi is a partition of li = |Ti|. It is easy to see that for
the induced partition (λR)t, it is the disjoint union of partitions (l1), · · · , (lt).
For each i, λi ≤ (li) and thus by Lemma 2.1, we have
Rt = λ1 ∪ λ2 ∪ · · · ∪ λt ≤ (l1) ∪ (l2) ∪ · · · ∪ (lt) = (λR)t.
Then we have
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For Part (iv), clearly for any permutation of ri’s in R which is still a
composition of n and is always dominated by the induced partition λR of
R. By Part (v), we have DR1 ≤ DλR . Together with CRt ≥ DλR in Part
(iii), we obtain that DR1 ≤ CRt . 
Lemma 2.8. For any R ∈ Cn with only m positive integers, the conjugate
partition of Rt is (a1, a2 − a1, · · · , am − am−1)(R) where
ail(R) = rl − min
l≤t≤l+i
rt(for l ≤ m− i),(9)
ai(R) :=
m−i∑
l=1
ail(R) +
m∑
p=m−i+1
rp(a
m(R) = n).(10)
Proof. We prove by induction on the number of positive numbers in a com-
position. If it is 1, the statement is clearly true. Assume that the statement
holds for any k < m in which case the composition has k positive numbers.
Suppose there are exactly i1, · · · , ik satisfying 1 ≤ i1 < i2 < · · · < ik ≤ m
and rip = 1, 1 ≤ p ≤ k. Set r
′
l = rl − 1, 1 ≤ l ≤ m. Set i0 := 0 and ik+1 :=
m+ 1. For each 0 ≤ p ≤ k, let Rp be (0, · · · , 0, r′ip+1, · · · , r
′
ip+1−1, 0, · · · , 0).
Note that if i1 = 1, R
0 is a zero vector; if ik = m, R
k is a zero vector. Then
for l ≤ m− i,
ail(R
p) = rpl − minl≤t≤l+i
rpt = 0 for l ≤ ip or l ≥ ip+1,
ail(R
p) = rpl − minl≤t≤l+i
rpt = r
′
l − min
l≤t≤l+i
r′t = a
i
l(R) for ip ≤ l ≤ ip+1 − 1.
For a fixed i satisfying ip ≤ m− i ≤ ip+1 − 1 for some p, then
ai(Rf ) =
m−i∑
l=1
ail(R
f ) +
m∑
q=m+1−i
Rfq =
if+1−1∑
l=if
ail(R) for 0 ≤ f < p,
ai(Rf ) =
m−i∑
l=1
ail(R
f ) +
m∑
q=m+1−i
Rfq =
if+1−1∑
l=if
r′l =
if+1−1∑
l=if
(rl − 1)for p < f ≤ k,
ai(Rp) =
m−i∑
l=1
ail(R
p) +
m∑
q=m+1−i
Rpq =
m−i∑
l=ip
ail(R) +
ip+1−1∑
q=m+1−i
r′q
=
m−i∑
l=ip
ail(R) +
ip+1−1∑
q=m+1−i
(rq − 1).
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Summing over the above equalities, we obtain
ai(R) =
m−i∑
l=1
ail(R) +
m∑
p=m+1−i
rp
=
k∑
p=0
ip+1−1∑
l=ip+1
ail(R
p) +
m∑
p=m+1−i
r′p + i =
k∑
p=0
ai(Rp) + i.
So we obtain the first fact: ai(R)− ai−1(R) has 1 more than
k∑
p=0
(ai(Rp) −
ai−1(Rp)) for every i.
By assumption, for each Rp, ai(Rp) − ai−1(Rp) counts the number of
elements in (Rp)t which are at least i. By the definition of the conjugate
partition, (R)t is a disjoint union of the set {m} and (R0)t, (R1)t, · · · , (Rk)t.
So we have the second fact: for each i, the number of elements in (R)t at
least i is exactly 1 more than the number of the elements in the disjoint
union of (R0)t, (R1)t, · · · , (Rk)t at least i.
Combining the two facts, ai(R) − ai−1(R) is exactly the number of ele-
ments in Rt which are at least i and the statement is proven for m. 
Definition 2.9. Given a composition R ∈ Cn, a matrix A is said to be of
type R if there exists a decomposition of V = V1⊕· · ·⊕Vm where Vi is of rank
ri, such that the linear transformation of A on V is just the combinations
of each Ai : Vi → Vi+1. That is, with respect to the decomposition, A is of
the form
(11)


0
A1 0
A2 0
. . .
. . .
Am−1 0

 ,
where each Ai is a ri × ri+1 matrix, for 1 ≤ i ≤ m− 1.
Lemma 2.10. For a matrix A of type R ∈ Cn, then
(i) A is of Jordan type at most Rt;
(ii) A is of Jordan type Rt if and only if each Vi decomposes into subspaces
V 1i , V
2
i , · · · , V
si
i where Ai|V si is either an isomorphism to V
s
i+1 or a zero map
if V si+1 does not exist.
Part (ii) is not needed for our main result. We believe it is of its own
interest and include the proof here.
Proof. For Part (i), it is equivalent to show that for each i, dim kerAi ≥
ai(R). Note that the composition Al+i−1 ◦ Al+i−2 ◦ · · · ◦ Al : Vl → Vl+i has
rank no greater than that of Al, · · · , Al+i. So
dim ker(Al+i−1 ◦ Al+i−2 ◦ · · · ◦ Al) ≥ rl − min
l≤p≤l+i
rp = a
i
l(R).
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Observe that the subspace kerAi is a direct sum of
m−i⊕
l=1
ker(Al+i−1 ◦Al+i−2 ◦
· · · ◦ Al) and
i⊕
p=1
Vm−p+1. So dim kerAi ≥
m−i∑
l=1
ail(R) +
i∑
p=1
rm−p+1 = ai(R).
For Part (ii), for the equality holds, we have the following claim:
Claim 2.11. For each l, i satisfying 1 ≤ l, l + i ≤ m, the map Al+i−1 ◦
Al+i−2 ◦ · · · ◦ Al : Vl → Vl+i has rank equal to min
l≤p≤l+i
rp.
We prove by induction on n. In the case n = 1, the statement is clear.
Suppose the statement is true for all k < n under the assumption 2.11. Now
we are going to show it is true for the case n. Suppose there are exactly
s1 < s2 < · · · < sk such that rs1 = · · · = rsk = b = min1≤i≤m ri. Set s0 = 0
and sk+1 = n + 1. For each 1 ≤ p ≤ k, define the subspace V
1
sp = Vsp . For
i 6= s1, · · · , sk, let sp be the nearest number of i (might not be unique), then
define
V 1i = (Asp−1 ◦Asp−2 ◦ · · · ◦ Ai)
−1(Vsp), for i < sp;(12)
V 1i = (Ai−1 ◦ Ai−2 ◦ · · · ◦Asp)(Vsp), for i > sp.(13)
We only need to check whether V 1i is well-defined. Suppose there exist
sp, sp+1 such that i =
sp+sp+1
2 . From Claim 2.11 and rsp = rsp+1 = b,
Asp+1−1 ◦ Asp+1−2 ◦ · · · ◦ Aip : Vsp → Vsp+1 is an isomorphism, and thus
(Asp+1−1 ◦ Asp+1−2 ◦ · · · ◦ Ai)
−1(Vsp+1) = (Ai−1 ◦ Ai−2 ◦ · · · ◦ Asp)(Vsp).
Therefore the two definitions of V 1i coincide and hence V
1
i is well-defined.
Moreover, A|V 1i is always an isomorphism to V
1
i+1.
For each 0 ≤ p ≤ k, take Wsp+1 to be the complement of V
1
sp+1 in Vsp+1.
For each i satisfying sp < i < sp+1, let Wi be the complement of V
1
i in Vi
containing Ai−sp−1(Wsp+1) and Vi is decomposed into V 1i +Wi. Set
Up :=Wsp+1 ⊕Wsp+2 ⊕ · · · ⊕Wsp+1−1 for 0 ≤ p ≤ k.(14)
We can decompose the space into the direct sum of A-invariant subspaces
m⊕
i=1
V 1i and Up’s for 0 ≤ p ≤ k. On each subspace Up, with respect to the
decomposition (14), A is of the form
(15)


0
Ap1 0
Ap2 0
. . .
. . .
Apsp+1−sp−2 0

 ,
Moreover, following from Claim 2.11, we still have that for each l, i such that
sp + 1 ≤ l, l + i ≤ sp+1 − 1, the map A
p
l+i−1 ◦A
p
l+i−2 ◦ · · · ◦ A
p
l : Wl → Wl+i
has rank equal to min
l≤q≤l+i
(rq − b). On each Up, it satisfies Claim 2.11. By
NILPOTENT HIGGS BUNDLES AND THE HODGE METRIC ON THE CALABI-YAU MODULI 13
assumption, we have the decomposition on each Up. Together with the space
m⊕
i=1
V 1i , we obtain the statement. 
To see the conjugate partition clearly, we introduce a diagram. For R =
(r1, · · · , rm) ∈ C(n), form m rows of empty boxes such that the ith row
has ri boxes. We obtain an analogue of Young diagram. Unlike the Young
diagram which only has the increasing rows, here we consider rows which are
not necessarily non-increasing. We first define a conjugate set partition
of R as (λ1, λ2, · · · , λk), where λi is a partition of Ti. For each column, we
read the length of each connected component of empty boxes and denote
by Si the set of lengths in the ith column. The conjugate partition R
t of
R is the disjoint union of the conjugate set partition. For example, for a
composition R of 13, we show in the following picture how to obtain the
conjugate partition Rt.
Composition R: (2, 4, 2, 4, 3, 2)
Generalized Young Diagram:
Conjugate Set Partition: ({6}, {6}, {1, 2}, {1, 1})
Conjugate Partition Rt: (6, 6, 2, 1, 1, 1)
Proposition 2.12. For a matrix A of type R ∈ Cn together with the de-
composition V = V1 ⊕ · · · ⊕ Vm, the function satisfies
(16) K(A) ≥ CRt .
In the case when Vi’s are orthogonal, each Vi decomposes into ri lines
L1i , L
2
i , · · · , L
ri
i orthogonally, where Ai|Lsi is either an isometry to L
s
i+1 or
a zero map if Lsi+1 does not exist. Suppose for each L
s
i , let I
s
i = [j
s
0, j
s
1 ]
be the maximal interval containing i such that Aj|Lsj is nonzero for each
j ∈ Z ∩ Isi and there is a unit vector v
s
j of L
s
j, Aj(v
s
j ) = a
s
jv
s
j+1 where
asj =
√
(j − js0 + 1)(j
s
1 − j). Then K(A) = CRt .
Proof. Following from Lemma 2.4 and 2.10, we obtain the inequality.
The equality holds since the vector space decomposes into irreducible A-
invariant orthogonal subspaces such as Lsi for j0 ≤ i ≤ j1. Moreover, in
each such subspace of dimension m, A is unitarily conjugate to Jm as in
assumption. So the equality K(A) = Cλ follows from the equality condition
in Proposition 2.4. 
Remark 2.13. If R = (r1, · · · , rm) is symmetric, that is, ri = rm+1−i.
Suppose for Lsi , let I
s
i be the maximal interval containing i such that Aj |Lsj =
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[js0, j
s
1 ] is nonzero for each j ∈ Z ∩ I
s
i . Then by the symmetry, for L
s
m+1−i,
the maximal interval Ism+1−i containing m+1− i such that Aj |Lsj is nonzero
for each j ∈ Z ∩ Ism+1−i is [m+ 1− j
s
1 ,m+ 1− j
s
0 ] and thus a
s
j = a
s
m−j .
3. Nilpotent Higgs bundles on general complex manifolds
Definition 3.1. A Higgs bundle over a complex manifold M consists of
a pair (E,φ) where E is a holomorphic vector bundle over M and φ is
a holomorphic section of Ω1(End(E)) satisfying the integrability condition
φ ∧ φ = 0.
A Hermitian metric h on a degree 0 Higgs bundle (E,φ) is called harmonic
if it satisfies the Hitchin equation
F (Dh) + [φ, φ∗h ] = 0, ∂hφ = 0,
where Dh is the Chern connection on E uniquely determined by the holo-
morphic structure and the metric h, F (Dh) is the curvature of Dh, φ∗h is the
Hermitian adjoint of φ with respect to h and ∂h is the (1, 0)-part of Dh. On
End(E) = E⊗E∗, there is an induced metric: for X,Y ∈ End(E), (X,Y ) =
tr(XY ∗h). The harmonic metric h gives a Hermitian metric gM on M :
gM (
∂
∂zj
,
∂
∂zk
) = (φj , φk) = tr(φjφ
∗h
k ),
where φj = φ(
∂
∂zj
). The metric gM is called Hodge metric on M , which is
in fact Ka¨hler (see also Wang [23]):
The fundamental form of gM is ω =
i
2 · tr(φjφ
∗h
k )dzj ∧ dz¯k, then
∂ω = [tr((∂φj)φ
∗h
k )− tr(φj [h
−1∂h, φ∗hk ])]dzj ∧ dz¯k
=
i
2
[tr((∂φj)φ
∗h
k ) + tr([h
−1∂h, φj ]φ
∗h
k )]dzj ∧ dz¯k
=
i
2
· tr((∂hφj)φ
∗h
k )dzj ∧ dz¯k = 0,
where the last equality follows from the Hitchin equation. Also, ∂¯ω = i2 ·
tr(φj(∂¯φ
∗h
k ))dzj ∧ dz¯k =
i
2 · tr(φj(∂
hφk)
∗h)dzj ∧ dz¯k = 0. So ω is closed and
hence gM is Ka¨hler.
Proposition 3.2. Let (E,φ) be a degree 0 Higgs bundle over a complex
manifold M which admits a harmonic metric h. Then we have away from
zeros of φj , the holomorphic sectional curvature κj of the Hodge metric gM
on the tangent plane spanC{
∂
∂zj
} is
(17) κj ≤ −
||[φj , φ
∗h
j ]||
2
||φj ||4
,
where (X,Y ) = tr(XY ∗h) and ||X||2 = (X,X).
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Proof. For a holomorphic vector bundle E together with a Hermitian metric
h, we have the associated Chern connection, denoted Dh. The curvature
operator of the Chern connection is denoted φV , locally it is
∑
j,k
φV
jk¯
dzj ∧dz¯k.
We can see the TM as a subbundle of End(E) away from zeros of φ. By the
curvature formula for the subbundle, for v,w ∈ TM ,
(ΩTM
jk¯
v,w)E = (Ω
End(E,h)
jk¯
φ(v), φ(w))
−(P⊥(DEnd(E,h)j (φ(v))), P
⊥(DEnd(E,h)k (φ(w)))),
where Ω
End(E,h)
jk¯
are the curvature operators of the Chern connections and
P⊥ denotes the orthogonal projection to the orthogonal complement of TM
in End(E, h). The curvature formula on End(E, h) is
(18) Ω
End(E,h)
jk¯
X = [Ωhjk¯,X], X ∈ End(E)
where Ωh denotes the curvature of the Chern connection Dh on (E, h). The
harmonic metric h satisfies the Hitchin equation
(19) F (Dh) + [φ, φ∗h] = 0.
Equivalently,
(20) Ωhjk¯ + [φj , φ
∗h
k ] = 0.
So for any v,w ∈ TM ,
(Ω
End(E,h)
jk¯
φ(v), φ(w))
= ([Ωhjk¯, φ(v)], φ(w)) = ([[φ
∗h
k , φj ], φ(v)], φ(w))
using the Jacobi identity: [A, [B,C]] + [B, [C,A]] + [C, [A,B]] = 0
= ([[φ∗hk , φ(v)], φj ], φ(w)) − ([φ
∗h
k , [φ(v), φj ]], φ(w))
the integrability condition φ ∧ φ = 0 implies that [φ(v), φj ] = 0
= ([[φ∗hk , φ(v)], φj ], φ(w))
= ([φ∗hk , φ(v)]φj − φj [φ
∗h
k , φj ], φ(w)) = ([φ
∗h
k , φ(v)], φ(w)φ
∗h
j − φ
∗h
j φ(w))
= −([φ∗hk , φ(v)], [φ
∗h
j , φ(w)]).
So the holomorphic sectional curvature is
κj =
(φTM
jj¯
φj , φj)
( ∂∂zj ,
∂
∂zj
)( ∂∂z¯j ,
∂
∂z¯j
)
≤
(φ
End(E)
jj¯
φj , φj)
( ∂∂zj ,
∂
∂zj
)( ∂∂z¯j ,
∂
∂z¯j
)
= −
([φ∗hj , φj ], [φ
∗h
j , φj ])
(φj , φj)(φ
∗h
j , φ
∗h
j )
= −
||[φj , φ
∗h
j ]||
2
tr(φjφ
∗h
j )
2
.

So we obtain the following proposition.
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Proposition 3.3. Suppose at any point p such that φj is nilpotent of Jordan
type at most λ ∈ Pn, then the holomorphic sectional curvature kj(p) of the
Hodge metric over M is bounded from above by −Cλ.
Proof. Let A be the matrix representation of φj(p) under a unitary basis
of h, then by Proposition 3.2, the holomorphic sectional curvature satisfies
kj(p) ≤ −K(A) where the functionK is defined in Equation (4). The matrix
A is nilpotent and the Jordan type of A coincides with the Jordan type of φj ,
it follows form Proposition 2.4 that K(A) ≥ Cλ and thus kj(p) ≤ −Cλ. 
We then prove the following corollary.
Corollary 3.4. Suppose the Higgs field φ is k-nilpotent (i.e. φk = 0) and
admits a harmonic metric. Then the holomorphic sectional curvature of the
Hodge metric over M is bounded above by
−
12
n(k2 − 1)− s(k2 − s2)
≤ −
12
n(k2 − 1)
,
where n = kd0 + s where s ≤ k − 1.
Proof. Note that among all Jordan types of k-nilpotent matrices, the parti-
tion (k, k, · · · , k, s)(s ≤ k − 1) is the maximum. Using Proposition 3.3, we
obtain the theorem. 
Among nilpotent Higgs bundles of rank n, there is a special family called
complex variation of Hodge structures (C-VHS). They are of the form
(E = E1 ⊕ E2 ⊕ · · · ⊕ Ek, φ =


0
α1 0
α2 0
. . .
. . .
αk−1 0

),
where Ek is a holomorphic vector bundle of rank rk and αj is a holomorphic
map: Ej → Ω
1(Ej+1). The ordered partition of n, (r1, · · · , rk) is a compo-
sition of n and denote by Cn the space of compositions of n. We call the
above (E,φ) a C-VHS of type R ∈ Cn.
Following from Lemma 2.10 and Proposition 3.3, we have
Corollary 3.5. Suppose the complex variation of Hodge structure (E,φ)
over a complex manifold M is of type R ∈ Cn and admits a harmonic metric.
Suppose Rt is the conjugate partition of R. Then the holomorphic sectional
curvatures of the Hodge metric on M are bounded from above by −CRt .
4. Nilpotent Higgs bundles on Riemann surfaces
In this section, let Σ be a closed Riemann surface of genus g ≥ 2. We will
obtain topological information of nilpotent polystable Higgs bundles over Σ
in Theorem 4.2.
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Let us recall the nonabelian Hodge correspondence. An SL(n,C)-Higgs
bundle over Σ is a Higgs bundle (E,φ) satisfying detE = O and trφ = 0.
It is stable if any φ-invariant holomorphic subbundle F of E has negative
degree and polystable if it is a direct sum of stable Higgs bundles of degreee 0.
On X := SL(n,C)/SU(n), the form (A,B) = 2tr(AB) on sl(n,C) induces a
SL(n,C)-invariant Riemannian metric. We choose such a normalization so
that SL(2,C)/SU(2) is of constant curvature−1. For a polystable SL(n,C)-
Higgs bundle over Σ, there exists a harmonic metric h and the connection
∇∂¯E ,h + φ + φ
∗h is flat. Let ρ : π1(Σ) → SL(n,C) be the holonomy of
∇. By parallel transporting the harmonic metric with respect to the flat
connection ∇, we obtain a ρ-equivariant harmonic map f : Σ˜ → X. There
is a close relationship between the harmonic maps and the Higgs bundles,
see [11] Section 5:
f∗gX = 2tr(φ2)dz2 + 2tr(φφ∗h)(dz ⊗ dz¯ + dz¯ ⊗ dz) + 2tr((φ∗h)2)dz¯2,(21)
Hopf(f) = 2tr(φ2)dz2.(22)
Moreover, for the curvature formula, we have a stronger version of Propo-
sition 3.2 as follows.
Proposition 4.1. ([11] Section 5) At an immersed point p of f , the tangent
plane σ at p of f(Σ˜), the sectional curvature k(σ)X and the curvature κ(p)
of the pullback metric f∗gX satisfy
(23) κ(p) ≤ k(σ)X = −
||[φ˜, φ˜∗h ]||2
||φ˜||4 − |tr(φ˜2)|2
(p).
where locally φ = φ˜dz, (X,Y ) = 2tr(XY ∗h) and ||X||2 = (X,X).
Moreover, κ(p) = k(σ)X if and only if p is totally geodesic.
Given a partition λ = (λk11 , · · · , λ
kr
r ) ∈ Pn, define
τλ : SL(2,R)
(
k1-times︷ ︸︸ ︷
τλ1 , · · · , τλ1 ,······ ,
kr-times︷ ︸︸ ︷
τλr , · · · , τλr )−−−−−−−−−−−−−−−−−−−−−−→
r∏
i=1
SL(λi,R)
ki →֒ SL(n,C).
Define the subgroup Gλ of SU(n) as
(24) Gλ = {A ∈ diag(U(k1)⊗ Iλ1 , · · · , U(kr)⊗ Iλr) ∩ SU(n)},
which lies in the centralizer of τλ inside SL(n,C). Given two representations
j : π1(Σ) → SL(2,R) and µλ : π1(Σ) → Gλ, there is a natural well-defined
representation (τλ ◦j) ·µλ : π1(Σ)→ SL(n,C), γ 7→ (τλ ◦j)(γ) ·µλ(γ), where
the multiplication is the matrix multiplication.
For a Fuchsian representation j : π1(Σ) → SL(2,R), denote by fj : Σ˜ →
H
2 the j-equivariant harmonic map, which is in fact a diffeomorphism. De-
note τ¯λ : H
2 → X as the induced map from τλ, which is injective. From
Theorem 7.2 in [8], τ¯λ is a totally geodesic map. Then fpi,j = τ¯λ ◦ fj is
a harmonic map which is equivariant with respect to the representation
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(τλ ◦ j) · µλ for any representation µλ : π1(Σ) → Gλ and it is a totally
geodesic embedding.
For nilpotent polystable Higgs bundles, we consider the associated ρ-
equivariant harmonic map f : Σ˜ → X which is in fact conformal since
Hopf(f) = tr(φ2) = 0. So we obtain ρ-equivariant minimal immersion of Σ˜
into X and the pullback metric is f∗gX = 2tr(φφ∗h)(dz ⊗ dz¯ + dz¯ ⊗ dz).
Theorem 4.2. For a nilpotent polystable SL(n,C)-Higgs bundle (E,φ) of
Jordan type at most λ = (λk11 , · · · , λ
kr
r ) ∈ Pn on Σ, let ρ be the associated
representation into SL(n,C). Then the induced metric of the associated ρ-
equivariant minimal surface f(Σ˜) in X is
(1) strictly dominated by 2Cλ · hΣ, in which case the translation length spec-
trum satisfies lρ ≤ α · lτpi◦jΣ for some positive constant α < 1;
(2) 2Cλ ·hΣ, in which case, P(ρ) = P(τλ ◦jΣ) and the Higgs bundle (E,φ) is a
direct sum of Higgs bundles (Ei, φi)(1 ≤ i ≤ r) where each (Ei, φi) is the ten-
sor product of Symλi−1(K
1
2 ⊕K−
1
2 ,
(
0 0
1 0
)
) and (Vi, 0) for Vi a polystable
holomorphic vector bundle of rank ki satisfying
∏r
i=1 det(Vi)
λi = O.
Proof. Let A be the matrix representation of φ(z) under a unitary frame of
h. By Proposition 4.1 and using tr(φ2) = 0, the curvature κ of the pullback
metric f∗gX on Σ satsifies κ ≤ −12K(A) where K is the function defined in
Equation (4). The matrix A is nilpotent and its Jordan type coincides with
φ, by Proposition 2.4, K(A) ≥ Cλ and thus κ ≤ −
Cλ
2 .
Let hΣ be the unique conformal hyperbolic metric on Σ. By the strong
maximum principle or Ahlfors lemma, we obtain either f∗gX ≤ α 2Cλ ·hΣ for
some positive constant α < 1, or f∗gX = 2Cλ · hΣ. In the latter case, the
map is totally geodesic and the curvature of the image is the constant −Cλ2
following from Proposition 4.1.
Lemma 4.3. (Dai-Li [4], Lemma 4.6 and 4.7) Let j be a Fuchsian repre-
sentation and fj be the associated harmonic map.
(1) For a representation ρ : π1(Σ) → SL(n,C), suppose the associated ρ-
equivariant harmonic map fρ : Σ˜ → X satisfies f
∗
ρgX ≤
1
cf
∗
j gH2 , for some
c > 0, then lρ ≤
1√
c
lj .
(2) κXτ¯λ◦fj ≡ −c and lτλ◦j =
1√
c
lj , where c =
Cλ
2 .
Applying Lemma 4.3 to the uniformization representation jΣ of Σ, we
obtain that if the pullback metric satisfies that f∗gX ≤ α 2Cλ · hΣ for some
positive constant α < 1, then lρ ≤ α · lτλ◦jΣ .
The rest is to show if the pullback metric coincides with 2Cλ ·hΣ, we obtain
the rigidity result. For this, we use the following lemma.
Lemma 4.4. (Dai-Li [4], Section 5) Suppose a ρ-equivariant harmonic map
f : Σ˜→ SL(n,C)/SU(n) is a totally geodesic immersion and the curvature
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of its image is a negative constant −c. Then there is a Fuchsian represen-
tation j and a representation µpi : π1(Σ) → Gpi such that the corresponding
j-equivariant harmonic map fj : Σ˜→ H
2, a partition π ∈ Pn and an element
x ∈ SL(n,C) such that
c =
Cpi
2
, f = Lx ◦ τ¯pi ◦ fj, ρ = Adx−1 ◦
(
(τpi ◦ j)⊗ µpi
)
,
where Lx is the left action on SL(n,C)/SU(n) and Ad is the adjoint action
on SL(n,C).
Apply Lemma 4.4 to the minimal immersion f , we obtain that fj is also
conformal. Therefore, j is the uniformizing representation jΣ of Σ and the
corresponding Higgs bundle is of the form (K
1
2 ⊕ K−
1
2 ,
(
0 0
1 0
)
). And ρ
is conjugate to (τpi ◦ j) · µpi, for some π ∈ Pn such that Cpi = Cλ and a
representation µλ : π1(Σ)→ Gpi.
Suppose π = (µd11 , · · · , µ
ds
s ) ∈ Pn. The Higgs bundle (E,φ)
pi which corre-
sponds to (τpi ◦ j) · µpi is a direct sum of Higgs bundles (Ei, φi)(1 ≤ i ≤ k)
where each Ei is the tensor product of Sym
µi−1(K
1
2 ⊕K−
1
2 ,
(
0 0
1 0
)
) and
(Vi, 0) for Vi a polystable holomorphic vector bundle of rank di satisfying∏s
i=1 det(Vi)
µi = O.
We almost finish the proof except proving π = λ. Note that Cλ = Cpi does
not imply λ = π, for example, see Remark 4.5. The Higgs bundle (E,φ)pi is
clearly of Jordan type π at every point. By assumption, the Higgs bundle
(E,φ) is of Jordan type at most λ, then π ≤ λ. Since Cλ = Cpi, it follows
from Lemma 2.7 that π = λ. 
Remark 4.5. Even if two partitions λ, µ ∈ Pn satsify Cλ = Cµ, it is not
necessarily that λ = µ. For example, λ = (5, 5, 1), µ = (6, 3, 2) ∈ P11 satisfy
Cλ = Cµ =
1
20 . So the length spectrum itself does not detect the Jordan type
easily.
Corollary 4.6. For a polystable complex variation of Hodge structures (E,φ)
over a Riemann surface Σ of type R, the corresponding representation ρ
satisifes either its length spectrum is strictly dominated by the one of τRt ◦jΣ
or it has the same length spectrum as τRt ◦ jΣ.
5. Applications to holomorphic sectional curvature of period
domain and Calabi-Yau moduli
In this section, we discuss how the algebraic estimate for matrices of type
R ∈ Cn applies to the study of curvature estimates of the period domain
and the deformation space of Calabi-Yau manifolds.
5.1. Polarized variation of Hodge structure and period domain.
Let us recall the preliminaries on variation of Hodge structures. For more
details, one may refer to [1] [13].
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Let X be a compact Ka¨hler manifold of dimension n. A (1, 1)-form ω is
called a polarization ofX if [ω] is the first Chern class of an ample line bundle
over X. The pair (X,ω) is called a polarized algebraic variety. Using the
form ω, one can define the k-th primitive cohomology P k(X,C) ⊂ Hk(X,C).
Let HZ = P
k(X,C) ∩ Hk(X,Z) and Hp,q = P k(X,C) ∩ Hp,q(X) for
0 ≤ p, q ≤ k. Then we have H = HZ ⊗ C = ΣpH
p,q and Hp,q = Hq,p.
We call {Hp,q} the Hodge decomposition of H. Equivalently, we may define
a filtration of H by 0 ⊂ F k ⊂ F k−1 ⊂ · · · ⊂ F 0 ⊂ H, such that H =
F p ⊕ Fn−p+1 and Hp,q = F p ∩ F q. The set {Hp,q} and {F p} are equivalent
in describing the Hodge decomposition of H. Suppose Q is the bilinear form
on H induced by the cup product
Q(φ,ψ) = (−1)
k(k−1)
2
∫
X
φ ∧ ψ ∧ ωn−k, φ, ψ ∈ H.
Q is a nondegerate quadratic form, and is skew-symmetric if n is odd and
symmetric if n is even, satisfying the two Hodge-Riemann relations:
(*) Q(Hp,q,Hp
′,q′) = 0 unless p′ = n− p, q′ = n− q;
(**) b(·, ·) = Q(ip−q·, ·¯) is a Hermitian inner product on Hp,k−p for each p.
Definition 5.1. A polarized Hodge structure of weight n consists of {HZ, F
p, Q},
is given by a lattice HZ, a filtration of H = HZ ⊗ C: 0 ⊂ F
n ⊂ Fn−1 ⊂
· · · ⊂ F 0 ⊂ H, such that H = F p ⊕ Fn−p+1 together with a bilinear form
Q : HZ ⊗HZ → Z which is skew-symmetric if n is odd and symmetric if n
is even, satisfying the two Hodge-Riemann relations.
Definition 5.2. The space D = D(H,Q, k, {hp,q}) consisting of all Hodge
structures of weight k with fixed dimension hp,q of Hp,q, polarized by Q, is
called the period domain.
The period domain D can be written as the homogeneous space D = G/V
where G = Aut(HR, Q) ∩ SL(HR) for HR = HZ ⊗ R and V is the compact
subgroup of G fixing a reference filtration F0. For odd weight k = 2m+ 1,
G = Sp(n,R),dimH = 2n, V =
∏
p≤m
U(hp,q);
for even weight k = 2m,
G = SO(s, t), s =
∑
p even
hp,q, t =
∑
p odd
hp,q, V =
∏
p<m
U(hp,q)× SO(hm,m).
Let Lie(GC) = gC = {X ∈ sl(H) : Q(Xu, v) + Q(u,Xv) = 0,∀u, v ∈
H}, Lie(G) = g = gC ∩ gl(HR). We have an Ad(V )-invariant splitting
g = v ⊕ m, so is the complexification gC = vC + mC. The Lie algebra
gC has a Hodge decomposition
gC = ⊕pg
p,−p, gp,−p = {ξ ∈ gC|ξHr,s ⊂ Hr+p,s−p}.
And vC = g
0,0,mC = m
+ ⊕ m− where m+ = ⊕p>0gp,−p,m− = ⊕p<0gp,−p.
D has a natural complex structure induced by J acting on m± by ±i and
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the holomorphic tangent bundle of D is T holD = G ×V m
− as an associated
bundle of the principal V -bundle G→ D.
Let U be an open neighborhood of the universal deformation space of
X. Assume that U is smooth. Then for each X ′ near X, we have an
isomorphismHk(X ′,C) = Hk(X,C). Under this isomorphism, {P k(X ′,C)∩
Hp,q(X ′)}p+q=k can be considered as a point of D. A polarized variation of
Hodge structures is equivalent to the map
P : U → D, X ′ → {P k(X ′,C) ∩Hp,q(X ′)}p+q=k,
called Griffiths’ period map. Griffiths showws that the period map P is an
immersion, holomorphic and transversal, which is
dP : TU → G×V g
−1,1.
We then denote the horizontal distribution T hD = G×V g
−1,1.
The Cartan involution θ on gC is
(25) θ(X) = (−1)pX¯ for X ∈ g−p,p.
The Cartan involution induces a G-invariant Hermitian metric h on TCD : for
ξ = [g,X], η = [g, Y ] ∈ T holgV D,
(26) h(ξ, η) := −B0(X, θ(Y )),
where B0 is the trace form as the rescaled Killing form on gC. Since G is
simple, any other G-invariant metric on D is a constant multiple of h.
Proposition 5.3. (Griffiths-Schmid [7]) The G-invariant Hermitian metric
h on D has holomorphic sectional curvatures in the directions of T hD are
negative and bounded away from zero.
Here we give an effective estimate of holomorphic sectional curvatures of
T hD.
Theorem 5.4. Suppose D = D(H,Q, k, {hp,q}) where the composition R =
(hk,0, hk−1,1, · · · , h0,k) ∈ Cm for m =
∑k
p=0 h
p,q. Then the G-invariant Her-
mitian metric h on D has holomorphic sectional curvature in the direction
ξ ∈ T hD satisfying
K(ξ) ≤ −CRt .
where Rt is the conjugate partition of R.
Moreover, the equality can be achieved in some direction ξ.
Proof. We mainly adopt the language in Chapter 12 and 13 of [1]. Let ω be
the Maurer-Cartan 1-form onG and ωv, ωm be its v-part, m-part respectively.
Then on the principal V -bundle G→ D, the canonical connection is ωv and
the curvature is Ω = −12 [ω
m, ωm]v. So for X,Y ∈ m and ξ = [g,X], η =
[g, Y ], then Ω(ξ, η) = −[X,Y ]v.
Using the representation Ad : V → GL(mC), the canonical connection on
G→ D induced the Levi-Civita connection on TCD = G×V mC with respect to
the Hermitian metric h. The curvature Ω ∈ Ω2(G, b) on G and the curvature
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R on TCD are related by the adjoint representation ad : vC → End(mC) as
follows: for X,Y,Z,W ∈ mC and ξ = [g,X], η = [g, Y ], µ = [g, Z], ν =
[g,W ] ∈ TCgVD,
R(ξ, η)µ = [g, ad(Ω(ξ, η))Z] = [g,−[[X,Y ]vC , Z]],
h(R(ξ, η)µ, ν) = B0([[X,Y ]
vC , Z], θ(W )).
The holomorphic sectional curvature in the direction ξ isK(ξ) = h(R(ξ,ξ¯)ξ,ξ)
h(ξ,ξ)h(ξ¯,ξ¯)
.
Therefore, for ξ = [g,X] ∈ T hgVD = G×V g
−1,1,
K(ξ) =
h(R(ξ, ξ¯)ξ, ξ)
h(ξ, ξ)h(ξ¯, ξ¯)
ξ¯ = [g, X¯ ] = [g,−θ(X)] from Equation (25)
=
B0([[X, θ(X)],X], θ(X))
B0(X, θ(X))B0(θ(X),X)
=
B0([X, θ(X)], [X, θ(X)])
B0(X, θ(X))2
.
Recall that a Hodge frame consists of a b-unitary basis for HC such that
• it provides bases for all Hodge summands Hp,q;
• the conjugate of the resulting basis for Hp,q forms part of the Hodge
frame: it is a basis for Hq,p.
With respect to a Hodge frame, θ(X) = −X∗ = −X¯T and using that B0 is
the trace form, we have K(ξ) = − ||[X,X
∗]||2
||X||4 . Since X ∈ g
−1,1, it is a matrix
of type (hk,0, hk−1,1, · · · , h0,k) ∈ Cm for m =
∑k
p=0 h
k−p,p as in Definition
2.9. Then by Proposition 2.12, we have K(ξ) ≤ −CRt .
The rest is to show that the equality can be achieved. With respect to
a Hodge frame, if we choose X as the form of matrix in Proposition 2.12
which achieves the equality, then K(ξ) = −K(X) = −CRt . The remaining
step is to show that such a X lies in gC. Equivalently,
gC = {X ∈ gl(HC);h(Xu, v) = h(u,Xv)}.
Denote the base in the Hodge frame and in Hp,q is {up,qi }
hp,q
i=1 . By the def-
inition of a Hodge frame, uq,pi = u
p,q
i . Then Xu
p,q
i = b
p,q
i u
p−1,q+1
i for some
bp,qi ∈ C. So
b(Xup,qi , u
p′,q′
j ) = b
p,q
i δp−1,q′(27)
b(up,qi ,Xu
p′,q′
i ) = b
p′,q′
i δp,q′+1 = b
p′,q′
i δp−1,q′(28)
It is enough to check bp,qi = b
q+1,p−1
i , which holds for the following reason.
If we adopt notations in Proposition 2.12, bp,qi = a
k+1−p
i ∈ R. Since h
p,q =
hq+1,p−1, the composition (hk,0, hk−1,1, · · · , h0,k) has a symmetry. So from
Remark 2.13, ak+1−pi = a
p
i ∈ R. Then b
p,q
i = a
k+1−p
i = a
p
i = b
k+1−p,p−1
i =
bq+1,p−1i ∈ R and thus X ∈ gC. 
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A polarized variation of Hodge structures induces a Higgs bundle together
with a harmonic metric as follows. For a family π : X → M , consider the
local system H := Rkπ∗C determined by the presheaf U 7→ P k(π−1(U),C).
Then H = H ⊗OM is a holomorphic vector bundle which carries a natural
flat connection ∇, called the Gauss-Manin connection. The subbundles Fp
formed by the filtrations F p are holomorphic, called the Hodge bundles. By
Griffiths transversality, ∇ takes Fp to Ω1(Fp−1).
(1) the holomorphic vector bundleE is the graded bundle of the holomorphic
filtration, that is
E :=
∑
p
Fp/Fp+1 =
∑
p
Hp,q.
(2) The flat connection ∇ induces a holomorphic map φ taking Hp,q to
Ω1(Hp−1,q+1), the Higgs field, satisfying φ ∧ φ = 0.
(3) The Hermitian metric b in the polarized variation of Hodge structure
induces a harmonic metric h on the Higgs bundle.
In this way, we obtain (E,φ, h), a Higgs bundle together with a har-
monic metric. Note that H and E are isomorphic as C∞-bundles and
∇ = ∇∂¯E ,h + φ + φ
∗h , where ∇∂¯E ,h is the Chern connection uniquely de-
termined by ∂¯E and h. Set K is the connected component of the max-
imal subgroup of G containing V and G/K is a Riemannian symmetric
space. There is a natural isometric fibration p : D = G/V → G/K send-
ing {Hp,q} to the subspace Hk,0 + Hk−2,2 + · · · . One can see that the
composed map f := p ◦ P : U → G/K → SL(n,C)/SU(n) is a pluri-
harmonic map to SL(n,C)/SU(n) which corresponds to the Higgs bun-
dle (E,φ, h) constructed from above by the nonabelian Hodge correspon-
dence. On SL(n,C)/SU(n), let gSL(n,C)/SU(n) be the invarian metric in-
duced by the trace form on sl(n,C), so f∗gSL(n,C)/SU(n) = P∗gD. Simi-
lar to the formula (21) on the Riemann surface case, the pullback metric
f∗gSL(n,C)/SU(n) = tr(φφ∗h) since φ is nilpotent.
5.2. Calabi-Yau moduli, Hodge metric and Weil-Petersson met-
ric. A polarized Calabi-Yau manifold is a pair (X,ω) of a compact alge-
braic manifold X of dimension m with vanishing first Chern class and a
Ka¨hler form ω ∈ H2(X,Z). The universal deformation spaceM of polarized
Cababi-Yau m-manifold (X,ω) is smooth, shown by Tian [22]. The tangent
space TX′MX of MX at X ′ can be identified with H1(X ′, TX′). Suppose
n = dimH1(X,TX ) = dimH
1,m−1. Let GZ := {g ∈ G : gHZ = HZ}. Then
we have the period map P :MX → Γ\D where Γ < GZ is the monodromy
group and D = D(H,Q, n, {hp,m−p}) where hp,m−p is the dimension of the
(p,m− p)-primitive cohomology. So hm,0 = h0,m = 1, hm−1,1 = h1,m−1 = n.
1. The Hodge metric on MX was first defined in Lu [14] as the pullback
metric P∗h on MX by the period map P :MX → Γ\D. Moreover, Lu [14]
showed that the Hodge metric is a Ka¨hler metric; the bisectional curvatures
of the Hodge metric are nonpositive; the Ricci curvature of the Hodge metric
is bounded above by a negative constant.
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2. Let Fm be the first Hodge bundle over M formed by Hm,0(X), the
Weil-Petersson metric on MX is defined as
ωWP = c1(F
m) = −
i
2π
∂∂¯Q(Ω, Ω¯),
where Ω is a local holomorphic nonzero section of Fn and Q is the polariza-
tion.
3. The relation between the Weil-Petersson metric and the Hodge metric
on MX is clear. Let ωH be the Ka¨hler form of the Hodge metric H.
Proposition 5.5. (1) In the case of twofold, ωH = 2ωWP ;
(2) (Lu [14]) In the case of threefold, ωH = (n+ 3)ωWP +Ric(ωWP );
(3) (Lu-Sun [15]) In the case of fourfold, ωH = 2(n+2)ωWP +2Ric(ωWP );
(4) ([15], [16]) In the case of higher dimension, we only have the inequality
ωH ≥ 2(n+ 2)ωWP + 2Ric(ωWP ) ≥ 2ωWP .
Theorem 5.6. The Hodge metric over the deformation space of Calabi-Yau
k-fold is of holomorphic sectional curvature bounded above by −CRt where
R = (hk,0, hk−1,1, · · · , h0,k).
Proof. We have two proofs which are essentially identical.
First, since locally the image of P is a complex submanifold inside D and
tangential to the horizontal distribution T hD, the holomorphic sectional
curvatures of the Hodge metric on MX are no more than the ones of T
hD.
So the statement follows from Theorem 5.4.
Or we use the Higgs bundle description of the period map associated to the
moduli space MX in the end of Section 5.1 and obtain a complex variation
Hodge structure of type R. Since the Hodge metric tr(φφ∗) defined from
the Higgs bundle viewpoint coincides with the one P∗gD from the period
map viewpoint, then the estimate follows from Corollary 3.5. 
Remark 5.7. Our results are sharp in the abstract version.
Corollary 5.8. The Hodge metric over the deformation space of Calabi-Yau
threefolds is of holomorphic sectional curvature bounded above by − 2n+9 .
Proof. Since in case k = 3, the conjugate partition Rt of R = (1, n, n, 1) is
(4, 2n−1). We have
Composition R: (1, n = 4, n = 4, 1)
Generalized Young Diagram:
Conjugate Set Partition: ({4}, {2}, {2}, {2})
Conjugate Partition Rt: (4, 2n−1 = 23)
Note that
CRt =
12
4(42 − 1) + (n− 1) · 2(22 − 1)
=
12
60 + 6(n − 1)
=
2
n+ 9
.
NILPOTENT HIGGS BUNDLES AND THE HODGE METRIC ON THE CALABI-YAU MODULI 25
Then the corollary follows from Theorem 5.6. 
Corollary 5.9. The Hodge metric over the deformation space of Calabi-
Yau fourfolds is of holomorphic sectional curvature with bounded above by
− 12(min{a,n}+4) , where a = h
2,2.
Proof. We consider complex variation of Hodge structures of type R =
(1, n, a, n, 1), where a = h2,2. In case a ≤ n, the conjugate partition Rt
is λ1 = (5, 3
a−1, 12n−2a). In case a ≥ n, the conjugate partition Rt is
λ2 = (5, 3
n−1, 1a−n).
Composition R: (1, n = 5, a = 3, n = 5, 1) (1, n = 3, a = 5, n = 3, 1)
Generalized Young Diagram:
Conjugate Set Partition: ({5}, {3}, {3}, {1, 1}, {1, 1}) ({5}, {3}, {3}, {1}, {1})
Conjugate Partition Rt: (5, 32 = 3a−1, 14 = 12n−2a) (5, 32 = 3n−1, 13 = 1a−n)
Note that
Cλ1 =
12
5(52 − 1) + (a− 1)3(32 − 1)
=
1
10 + 2(a − 1)
=
1
2(a+ 4)
,
Cλ2 =
12
5(52 − 1) + (n− 1)3(32 − 1)
=
1
10 + 2(n − 1)
=
1
2(n+ 4)
.
Then the corollary follows from Theorem 5.6. 
In the case of Calabi-Yau k-manifolds for k ≥ 5, our estimates are new.
Corollary 5.10. The Hodge metric over the deformation space of Calabi-
Yau 5-folds is of holomorphic sectional curvature bounded above by
− 2(9min{a,n}+a+25) , where a = h
2,3.
Proof. We consider complex variation of Hodge structures of type R =
(1, n, a, a, n, 1), where a = h2,3 = h3,2. In case a ≤ n, the conjugate partition
Rt is λ1 = (6, 4
a−1, 12n−2a). In case a ≥ n, the conjugate partition Rt is
λ2 = (6, 4
n−1, 2a−n).
Composition R: (1, n = 4, a = 2, a = 2, n = 4, 1) (1, n = 2, a = 4, a = 4, n = 2, 1)
Generalized Young Diagram:
Conjugate Set Partition: ({6}, {4}, {1, 1}, {1, 1}) ({6}, {4}, {2}, {2})
Conjugate Partition R
t
: (6, 4 = 4
a−1
, 1
4
= 1
2n−2a
) (6, 4 = 4
n−1
, 2
2
= 2
a−n
)
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Note that
Cλ1 =
12
6(62 − 1) + (a− 1)4(42 − 1)
=
2
35 + 10(a− 1)
=
2
10a+ 25
,
Cλ2 =
12
6(62 − 1) + (n− 1)4(42 − 1) + (a− n)2(22 − 1)
=
2
9n+ a+ 25
.
Then the corollary follows from Theorem 5.6. 
Corollary 5.11. The Hodge metric over the deformation space of Calabi-
Yau k-fold is of holomorphic sectional curvature bounded above by
−
2
k2 + n(k − 2)2 +
[ k
2
]∑
p=2
hp,k−p · (k − 2p)2
.
Proof. For k = 2m + 1 is odd, we can choose a permutation of R as R1 =
(hm,m+1, hm+1,m, hm−1,m+2, hm+2,m−1, · · · , h2,2m−1, h2m−1,2, n, n, 1, 1). Then
by Part (iv) of Lemma 2.7, we have CRt ≤ DR1 . So R1 = (r1, · · · , r2m+2)
where r2p+1 = r2p+2 = h
m−p,m+p+1 for 0 ≤ p ≤ m. Using the formula (8),
we have
DR1 =
4
2m+2∑
p=1
rp · p(p− 1)
=
4
m∑
p=0
hm−p,m+p+1 · [(2p + 1)2p + (2p + 2)(2p + 1)]
=
2
m∑
p=0
hm−p,m+p+1 · (2p+ 1)2
=
2
k2 + n(k − 2)2 +
m∑
p=2
hp,k−p · (k − 2p)2
.
For k = 2m is even, we can choose a permutation of R as
R1 = (h
m,m, hm−1,m+1, hm+1,m−1, · · · , h2,2m−2, h2m−2,2, n, n, 1, 1). The rest
is similar to the odd case.
Then the corollary follows from Theorem 5.6. 
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